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Abstract
In this paper, we prove a number of results about pattern avoidance
in graphs with bounded metric dimension or edge metric dimension.
First we prove that the maximum possible number of edges in a graph
of diameter D and edge metric dimension k is at most (⌊ 2D3 ⌋+ 1)
k +
k
∑⌈D
3
⌉
i=1 (2i − 1)
k−1, sharpening the bound of
(
k
2
)
+ kDk−1 +Dk from
Zubrilina (2018). We also prove that there is no subgraph of diameter
D with more than (D + 1)k vertices in any connected graph of metric
dimension k, and there is no subgraph of diameter D with more than
(D + 1)k edges in any connected graph of edge metric dimension k.
In particular, we prove that the maximum value of n such that a
graph of metric dimension ≤ k can contain the complete graph Kn as
a subgraph is n = 2k. We also prove that the maximum value of n
such that a graph of metric dimension or edge metric dimension ≤ k
can contain the complete bipartite graph Kn,n as a subgraph is 2
θ(k).
Furthermore, we show that the maximum value of n such that a
graph of edge metric dimension ≤ k can contain K1,n as a subgraph is
n = 2k. We also show that the maximum value of n such that a graph
of metric dimension ≤ k can contain K1,n as a subgraph is 3
k −O(k).
We use these pattern avoidance bounds to also bound the maximum
number of edges, chromatic number, and degeneracy of graphs with
bounded metric dimension.
In addition, we prove that the d-dimensional grid
∏d
i=1 Pri has edge
metric dimension at most d. This generalizes two results of Kelenc et
al (2016), that non-path grids have edge metric dimension 2 and that
d-dimensional hypercubes have edge metric dimension at most d. We
also provide a characterization of n-vertex graphs with edge metric
dimension n− 2, answering a question of Zubrilina. As a result of this
characterization, we prove that any connected n-vertex graph G such
that edim(G) = n − 2 has diameter at most 5. More generally, we
prove that any connected n-vertex graph with edge metric dimension
n− k has diameter at most 3k − 1.
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1 Introduction
Metric dimension is a graph parameter with many applications including
robot navigation, chemistry, pattern recognition, image processing, and lo-
cating intruders in networks [4, 1, 5, 6, 2]. In particular for the application
to robot navigation [4], the robot is assumed to be moving from vertex to
vertex in a graph, where some of the vertices are distinguished as landmarks.
The robot is able to determine its distance to each landmark, and it uses
those distances to determine its location in the graph. The goal is to use as
few landmarks as possible, and the number of landmarks used is the metric
dimension.
Recently, a parameter closely related to metric dimension was defined in
[3]. Imagine that the robot now moves from edge to edge instead of vertex
to vertex. The robot can still determine its distance from the landmarks,
where the distance from an edge {u, v} to a landmark is the minimum of
the distance from u or v to the landmark. Again the goal is to use as few
landmarks as possible, and that number is the edge metric dimension.
A number of results relating pattern avoidance and metric dimension
have been proved in the last few decades, but perhaps the most famous one
is the result of Khuller et al [4] that no graph of metric dimension 2 contains
K5 as a subgraph (and more generally, that graphs of metric dimension k
cannot have K2k+1 as a subgraph). More generally, Sudhakara and Kumar
proved an upper bound of (D + 1)2 on the number of vertices in subgraphs
of diameter D in graphs of metric dimension 2 [8].
Besides pattern avoidance, researchers have also investigated the maxi-
mum size of graphs with a given diameter and metric dimension. In particu-
lar, Hernando et al [7] proved that the maximum possible number of vertices
in a graph of diameter D and metric dimension k is at most (⌊2D3 ⌋+ 1)
k +
k
∑⌈D
3
⌉
i=1 (2i − 1)
k−1. Kelenc et al [3] proved that graphs with edge metric
dimension k and diameter D have at most (D+ 1)k edges. Later, Zubrilina
sharpened the bound for edge metric dimension to
(k
2
)
+ kDk−1 +Dk [9].
Kelenc et al [3] also bounded the edge metric dimension of several classes
of graphs, including 2-dimensional grid graphs and d-dimensional hypercube
graphs. They asked for a characterization of all graphs with edge metric
dimension n − 1, which Zubrilina found [9]. Using the characterization,
Zubrilina proved that such graphs have diameter at most 2. Furthermore,
Zubrilina asked for a characterization of all graphs of edge metric dimension
n− 2.
In this paper, we prove several new bounds related to pattern avoidance,
2
metric dimension, and diameter. We also answer Zubrilina’s question and
show that n-vertex graphs with edge metric dimension n− 2 have diameter
at most 5. Before stating more details about our results, we first discuss
some terminology.
1.1 Terminology
All graphs in this paper will be simple and connected. Let d(u, v) denote the
distance between u and v for any vertices u, v ∈ V (G). The distance vector
dv,S of a vertex v with respect to a set of vertices S is the vector with |S|
coordinates which has a single coordinate with value d(x, v) for each vertex
x ∈ S. A set of vertices S ⊂ V (G) is a metric basis for (the vertices of)
G if no two vertices in V (G) have the same distance vector with respect to
S. In some papers, the metric basis is called a resolving set. The metric
dimension dim(G) is the minimum size of a metric basis for G.
For any vertex v ∈ V (G) and edge e ∈ E(G) such that e = {x, y}, let
d(e, v) = min(d(x, v), d(y, v)). The distance vector de,S of an edge e with
respect to a set of vertices S is the vector with |S| coordinates which has a
single coordinate with value d(x, e) for each vertex x ∈ S. A set of vertices
S ⊂ V (G) is a metric basis for the edges of G if no two edges in E(G) have
the same distance vector with respect to S. The edge metric dimension
edim(G) is the minimum size of a metric basis for the edges of G.
The chromatic number of a graph G is the minimum number of colors
required to label the vertices of G so that no edge has two vertices of the
same color. The degeneracy of a graph G is the minimum r such that every
subgraph of G has a vertex of degree at most r within the subgraph. We
will call x a non-mutual neighbor of vertices u, v if x is adjacent to u or v,
but not both.
1.2 New results
In Section 2, we prove that the maximum possible number of edges in a
graph of diameter D and edge metric dimension k is at most (⌊2D3 ⌋+ 1)
k +
k
∑⌈D
3
⌉
i=1 (2i − 1)
k−1. This sharpens the bound of
(
k
2
)
+ kDk−1 + Dk from
Zubrilina [9], which improved on the bound of Kelenc et al [3]. We also prove
that there is no subgraph of diameter D with more than (D + 1)k vertices
in any connected graph of metric dimension k, and there is no subgraph of
diameter D with more than (D + 1)k edges in a connected graph of edge
metric dimension k.
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In Section 3, we derive several results about specific forbidden subgraphs
in graphs of metric dimension or edge metric dimension ≤ k. We prove that
the maximum value of n such that a graph of metric dimension ≤ k can
contain Kn as a subgraph is n = 2
k. We also prove that the maximum value
of n such that a graph of metric dimension or edge metric dimension ≤ k
can contain Kn,n as a subgraph is 2
θ(k).
In the same section, we show that the maximum value of n such that
a graph of edge metric dimension ≤ k can contain K1,n as a subgraph is
n = 2k. We also show that the maximum value of n such that a graph of
metric dimension ≤ k can contain K1,n as a subgraph is between 3
k − k− 1
and 3k − 1. Using these bounds, we prove that the maximum possible
chromatic number and degeneracy of a graph of metric dimension ≤ k is
2θ(k).
In Section 4, we prove that the d-dimensional grid
∏d
i=1 Pri has edge
metric dimension at most d. This bound generalizes the results of Kelenc
et al (2016) that non-path grids have edge metric dimension 2 and that d-
dimensional hypercubes have edge metric dimension at most d. In addition,
we provide a characterization of n-vertex graphs with edge metric dimen-
sion n − 2. This answers a question of Zubrilina, and as a result of this
characterization, we prove that any connected n-vertex graph G such that
edim(G) = n − 2 has diameter at most 5. In general, we prove that any
connected n-vertex graph with edge metric dimension n−k has diameter at
most 3k − 1.
2 Bounds in terms of diameter and dimension
The next proof is very similar to the proof in [7] that the maximum possible
order of a graph of diameter D and metric dimension k is equal to (⌊2D3 ⌋+
1)k + k
∑⌈D
3
⌉
i=1 (2i − 1)
k−1.
Theorem 2.1. The maximum possible number of edges in a graph of diam-
eter D and edge metric dimension k is at most (⌊2D3 ⌋+ 1)
k + k
∑⌈D
3
⌉
i=1 (2i−
1)k−1.
Proof. Let G be a graph of diameter D and edge metric dimension k. Let
S be a metric basis for the edges of G and let c ∈ [0,D] be a constant that
will be chosen at the end. For each v ∈ S and i ∈ [0, c], define Ni(v) =
{e ∈ E(G) : d(e, v) = i}.
First note that |d(e, u)−d(f, u)| ≤ 2i for any two edges e, f ∈ Ni(v) and
any vertex u ∈ S, so de,S(v) = i and de,S(t) has 2i + 1 possible values for
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each t ∈ S such that t 6= v. Thus |Ni(v)| ≤ (2i + 1)
k−1.
Consider e ∈ E(G) such that e 6∈ Ni(v) for all i ∈ [0, c] and v ∈ S, i.e.,
d(e, v) ≥ c + 1 for all v ∈ S. Since de,S only has entries between c + 1 and
D inclusive, there are at most (D − c)k such edges. Thus
|E(G)| ≤ (D − c)k +
c∑
i=0
(2i + 1)k−1
Setting c = ⌈D/3⌉ − 1 gives the upper bound. 
We use both of the theorems below for the pattern avoidance results in
the next section. The first result generalizes the proof for the k = 2 case
from [8].
Theorem 2.2. There is no subgraph of diameter D with more than (D+1)k
vertices in any connected graph of metric dimension k.
Proof. Let H be a subgraph of diameter D in a connected graph of metric
dimension k with minimal metric basis S. For each vertex v in H, each
coordinate of dv,S has at most D + 1 possible values, since H has diameter
D. Thus there are at most (D + 1)k vertices in H. 
The next result and proof are analogous to the last, with edge metric
dimension replacing the usual vertex metric dimension.
Theorem 2.3. There is no subgraph of diameter D with more than (D+1)k
edges in any connected graph of edge metric dimension k.
Proof. Let H be a subgraph of diameter D in a connected graph of edge
metric dimension k with minimal edge metric basis S. For each edge e in
H, each coordinate of de,S has at most D + 1 possible values, since H has
diameter D. Thus there are at most (D + 1)k edges in H. 
3 Specific forbidden patterns, chromatic number,
and degeneracy
The upper bound in the first theorem below is well known [4]. We prove a
matching lower bound to show that it is sharp.
Theorem 3.1. The maximum possible value of n such that a graph of metric
dimension ≤ k can contain Kn as a subgraph is n = 2
k.
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Proof. The upper bound was proved in [4], and it also follows from Theorem
2.2.
For the lower bound, define G to be the graph obtained from K2k by
adding k vertices with edges defined as follows: For each vertex v in the
copy of K2k , label v with a binary string of length k. For each of the new
vertices u1, . . . , uk, add an edge from ui to v if the i
th digit of v is 0.
First note that the metric dimension of G is at least k since G contains
a complete subgraph with 2k vertices. If we set S = {u1, . . . , uk}, then
dv,S(ui) is one more than the i
th digit of v for each 1 ≤ i ≤ k and all v in the
copy of K2k . Moreover each ui is the only vertex v in G with dv,S(ui) = 0,
so S is a metric basis for G. 
Both of the next two results give bounds on the number of edges in graphs
of metric dimension or edge metric dimension k, as well as corollaries about
the chromatic number and degeneracy.
Theorem 3.2. The maximum possible value of n such that a graph of edge
metric dimension ≤ k can contain K1,n as a subgraph is n = 2
k.
Proof. The upper bound was proved in [3], but we mention the argument
for completeness. Let H be a subgraph isomorphic to K1,n of a graph of
edge metric dimension k. For all edges e ∈ H, each coordinate of de,S has
at most 2 possible values. Thus H has at most 2k edges.
For the lower bound, define G to be the graph obtained from K1,2k with
center vertex c by adding k vertices with edges defined as follows: For each
non-center vertex v in the copy of K1,2k , label v with a binary string of
length k. For each of the new vertices u1, . . . , uk, add an edge from ui to v
if the ith digit of v is 0.
First note that the edge metric dimension of G is at least k since G
contains a star with 2k non-center vertices. If we set S = {u1, . . . , uk}, then
d{v,c},S(ui) is one more than the i
th digit of v for each 1 ≤ i ≤ k and all
non-center vertices v in the copy of K1,2k .
All other edges e ∈ E(G) are adjacent to some ui and thus have de,S(ui) =
0. For each t 6= i, de,S(ut) is one more than the t
th digit of v, where v is
the vertex such that e = {ui, v}. Thus S is a metric basis for the edges of
G. 
The next result shows that the bound in Theorem 2.2 is not far from the
exact value for D = 2.
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Theorem 3.3. The maximum possible value of n such that a graph of metric
dimension ≤ k can contain K1,n as a subgraph is between 3
k − k − 1 and
3k − 1.
Proof. The upper bound follows from Theorem 2.2, since K1,n has diameter
2.
For the lower bound, define G to be the graph obtained from K1,3k with
center vertex c by adding 2k vertices r1, . . . , rk, s1, . . . , sk with edges defined
as follows: For each non-center vertex v in the copy of K1,3k , label v with a
base 3 string of length k. Add an edge from si to v if the i
th digit of v is 0.
Also add an edge from ri to si, and add an edge from ri to v if the i
th digit
of v is 1.
If we set S = {s1, . . . , sk}, then dv,S(si) is one more than the i
th digit
of v for each 1 ≤ i ≤ k and all non-center vertices v in the copy of K1,3k .
Moreover for each i, si is the only vertex v such that dv,S(si) = 0.
Each ri has dri,S distinct from drj ,S for all j 6= i, but it is possible
that dri,S = dv,S for some non-center vertex v in the copy of K1,3k , or that
dc,S = dv,S where c is the center vertex in the copy of K1,3k . Note that every
coordinate of dc,S is 2, so dc,S is distinct from dri,S for each i.
Let G′ be the graph obtained from G by deleting any non-center vertex
v in the copy of K1,3k such that dc,S = dv,S or dri,S = dv,S for some i. There
are at most k+1 such vertices v, so G′ contains a star with at least 3k−k−1
non-center vertices. By definition, S is a metric basis for G′. 
Next we bound the size of complete bipartite subgraphs in graphs with
bounded metric dimension or edge metric dimension.
Theorem 3.4. The maximum possible value of n such that a graph of metric
dimension ≤ k can contain Kn,n as a subgraph is n = 2
θ(k).
Proof. The upper bound n ≤ 3k/2 follows from Theorem 2.2 since Kn,n has
diameter 2 and 2n vertices.
For the lower bound, defineG to be the graph obtained fromK2⌊k/2⌋,2⌊k/2⌋
by adding 2⌊k/2⌋ vertices u1, . . . , u⌊k/2⌋, r1, . . . , r⌊k/2⌋ with edges defined as
follows: For each vertex v on the left side of the copy of K2⌊k/2⌋,2⌊k/2⌋ , label
v with a binary string of length ⌊k/2⌋, and do the same with each vertex
on the right side of the copy of K2⌊k/2⌋,2⌊k/2⌋ . For each i, add an edge from
ui to v on the left side of the copy if the i
th digit of v is 0 and add an edge
from ri to v on the right side of the copy if the i
th digit of v is 0.
Set S to consist of the new vertices and suppose that dx,S = dy,S for
vertices x, y ∈ V (G). If there exists z ∈ S such that dx,S(z) = 0, then
7
x = z. Otherwise dx,S(z) > 0 for all z ∈ S, so x was a vertex in the copy
of K2⌊k/2⌋,2⌊k/2⌋ . Since dx,S = dy,S , x and y are both adjacent to the same
elements of S, so x = y unless x and y were both labeled with all-ones binary
strings. We delete the vertices on each side that were labeled with all-ones
binary strings. This gives a lower bound of n ≥ 2⌊k/2⌋ − 1. 
Theorem 3.5. The maximum possible value of n such that a graph of edge
metric dimension ≤ k can contain Kn,n as a subgraph is n = 2
θ(k).
Proof. The upper bound n ≤ 3k/2 follows from Theorem 2.3 since Kn,n has
diameter 2 and n2 edges. For the lower bound, define G to be the same
graph as in Theorem 3.4, before we deleted the vertices on each side that
were labeled with all-ones binary strings.
Set S to consist of the new vertices and suppose that de,S = df,S for
edges e, f ∈ E(G). If there exists x ∈ S such that de,S(x) = 0, then
e is adjacent to x, so e was an added edge. Let v be the other vertex
besides x in the edge e. Note that for all t ∈ S such that t 6= x, we have
de,S(t) = min(2, dv,S(t)). There are 2
⌊k/2⌋−1 edges adjacent to x, and each
such edge e′ satisfies de′,S(t) = min(2, dv′ ,S(t)) for all t ∈ S such that t 6= x,
where v′ is the other vertex in edge e′ besides x. Thus each of the edges
adjacent to x has distinct distance vectors, so f = e.
Now suppose that there does not exist x ∈ S such that de,S(x) = 0.
Thus e was an edge from the copy of K2⌊k/2⌋,2⌊k/2⌋. Since de,S = df,S , the
left vertices in e and f are adjacent to the same elements of S, and the right
vertices in e and f are adjacent to the same elements of S. Thus e and f
have the same left and right vertices, so e = f . This gives a lower bound of
n ≥ 2⌊k/2⌋. 
Using the pattern avoidance bounds, we have several corollaries about
the number of edges, chromatic number, and degeneracy.
Corollary 3.6. The maximum number of edges in a connected graph of
order n and metric dimension k is at most (3k − 1)n/2.
Proof. The maximum possible degree of any vertex in a connected graph of
metric dimension k is at most 3k − 1 by Theorem 3.3, and the number of
edges is half the sum of the degrees. 
The same reasoning also shows the following corollary, using Theorem
3.2 instead of Theorem 3.3.
Corollary 3.7. The maximum number of edges in a connected graph of
order n and edge metric dimension k is at most 2k−1n.
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Corollary 3.8. The maximum possible chromatic number of any graph of
metric dimension ≤ k is between 2k and 3k.
Proof. For the upper bound, list the vertices of the graph in any order.
Greedily color them with 3k colors, using a free color for each successive
vertex since it has at most 3k− 1 neighbors. For the lower bound, note that
we showed in Theorem 3.1 that there exists graphs of metric dimension k
that contain K2k as a subgraph. 
Corollary 3.9. The maximum possible degeneracy of any graph of metric
dimension ≤ k is between 2k−1 and 3k − 1.
Proof. For the upper bound, note that every subgraph contains a vertex of
degree at most 3k − 1 for the stronger reason that every vertex in the graph
has degree at most 3k − 1. For the lower bound, observe that the graph in
Theorem 3.1 has degeneracy at least its minimal degree, which is 2k−1. 
Corollary 3.10. The maximum possible degeneracy of any graph of edge
metric dimension ≤ k is between 2⌊k/2⌋−1 and 2k.
Proof. For the upper bound, note that every subgraph contains a vertex of
degree at most 2k. For the lower bound, observe that the graph in Theorem
3.5 has degeneracy at least its minimal degree, which is 2⌊k/2⌋−1. 
4 Miscellaneous results
Kelenc et al [3] proved that 2-dimensional grids have edge metric dimension
at most 2 and that the d-dimensional cube has edge metric dimension at
most d. The result below generalizes both of these results.
Theorem 4.1. The n-dimensional grid graph
∏n
i=1 Pri has edge metric di-
mension at most n.
Proof. We prove this for the case that ri > 1 for all i, since that suffices
to imply the theorem. We identify vertices with points in n-dimensional
space with integer coordinates such that the ith coordinate is between 0 and
ri − 1 inclusive. There is an edge between two points only if those points
agree on all but one coordinate, and the points have a difference of 1 in
that coordinate. Let S be the set consisting of the n vertices (0, . . . , 0),
(r1 − 1, 0, . . . , 0), (0, r2 − 1, 0, . . . , 0), . . . , (0, . . . , 0, rn−1 − 1, 0), where each
vertex has n coordinates.
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We write edges of the grid graph in the form (x1, . . . , xn)(y1, . . . , yn),
where xi ≤ yi ≤ xi+1 for all i. Suppose that two edges (a1, . . . , an)(b1, . . . , bn)
and (c1, . . . , cn)(d1, . . . , dn) have the same distance vector with respect to S.
By definition,
∑n
i=1 ai =
∑n
i=1 ci for the coordinate of the distance vector
corresponding to the vertex (0, . . . , 0). Moreover, rj−1−aj−bj+
∑n
i=1 ai =
rj − 1− cj − dj +
∑n
i=1 ci for all 1 ≤ j ≤ n− 1.
If we subtract the first equation from each of the other equations, we
obtain aj + bj = cj + dj for all 1 ≤ j ≤ n − 1. Since aj ≤ bj ≤ aj + 1 and
cj ≤ dj ≤ cj + 1, we have aj = cj and bj = dj for all 1 ≤ j ≤ n− 1.
Combining the last fact with the first equation, we obtain an = cn. Thus
bn = dn, or else (a1, . . . , an)(b1, . . . , bn) or (c1, . . . , cn)(d1, . . . , dn) would not
be an edge. We proved that (a1, . . . , an)(b1, . . . , bn) = (c1, . . . , cn)(d1, . . . , dn),
so S is a metric basis for the edges of
∏n
i=1 Pri . 
Zubrilina gave the following characterization of graphs of order n and
edge metric dimension n − 1 and asked for a characterization of graphs of
order n and edge metric dimension n− 2.
Theorem 4.2. [9] Let G(V,E) be a graph with |V | = n. Then edim(G) =
n − 1 if and only if for any distinct v1, v2 ∈ V there exists u ∈ V such that
{v1, u} ∈ E, {v2, u} ∈ E, and u is adjacent to all non-mutual neighbors of
v1, v2.
We provide a characterization of the graphs of order n and edge metric
dimension ≥ n − 2 below, using a similar method to the one in Zubrilina’s
proof.
Theorem 4.3. If G is a connected graph of order n, then edim(G) ≥ n− 2
if and only if for all triples of vertices from V (G) there exists an ordering
v1, v2, v3 of the triple such that
1. v3 is adjacent to both v1 and v2 and all non-mutual neighbors of v1, v2
are adjacent to v3, or
2. for some u ∈ V (G) − {v1, v2, v3}, u is adjacent to both v1 and v2, all
non-mutual neighbors of v1, v2 in V (G) − {v1, v2, v3} are adjacent to
u, and any x ∈ V (G)−{v1, v2, v3} that satisfies d(x, v2) > d(x, v1) = 2
or d(x, v1) > d(x, v2) = 2 also satisfies d(x, u) ≤ 2.
Proof. We first show that graphs of order n with edge metric dimension
≥ n − 2 have the above properties. Suppose that G is a graph of order n
with edim(G) = n − 2. Therefore for any distinct triple T of vertices from
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V (G), the set V (G) − T is not a metric basis for the edges of G. Fix a T
and let S = V (G) − T . Since S is not a metric basis for the edges of G,
there must exist two distinct edges e 6= f such that de,S = df,S . If there
was a vertex in S that is adjacent to exactly one of e or f , then e and f
would have different distance vectors with respect to S. Thus there exists
an ordering v1, v2, v3 of T such that e = {v1, v3} and f = {v2, v3}, or there
exists u ∈ S such that e = {v1, u} and f = {v2, u}.
In the first case where e = {v1, v3} and f = {v2, v3}, suppose that some
vertex x is a non-mutual neighbor of v1, v2. Thus x ∈ S, so x must be
adjacent to v3 or else e and f would have different distance vectors with
respect to S.
In the second case where e = {v1, u} and f = {v2, u}, suppose that some
vertex x ∈ S is a non-mutual neighbor of v1, v2. Then x must be adjacent
to u or else e and f would have different distance vectors with respect to S.
Moreover for the second case, suppose that some vertex y ∈ S sat-
isfies d(y, v2) > d(y, v1) = 2 or d(y, v1) > d(y, v2) = 2. Since e and f
have the same distance vector with respect to S, we must have d(y, u) ≤
min(d(y, v1), d(y, v2)) = 2. This completes the first direction of the proof.
For the other direction, we will show that any connected n-vertex graph
G with the properties listed above has edge metric dimension at least n− 2.
Let S be a set of n− 3 vertices from V (G), and suppose that T is the triple
of vertices not in S. By assumption, there exists an ordering v1, v2, v3 of T
such that
1. v3 is adjacent to both v1 and v2 and all non-mutual neighbors of v1, v2
are adjacent to v3, or
2. for some u ∈ S, u is adjacent to both v1 and v2, all non-mutual
neighbors of v1, v2 in S are adjacent to u, and any x ∈ S that satisfies
d(x, v2) > d(x, v1) = 2 or d(x, v1) > d(x, v2) = 2 also satisfies d(x, u) ≤
2.
In the first case, the edges {v1, v3} and {v2, v3} have the same distance
vector with respect to S because all non-mutual neighbors of v1, v2 are adja-
cent to v3. For the second case, suppose for contradiction that there exists
x ∈ S such that d(x, {v1, u}) 6= d(x, {v2, u}).
Without loss of generality, suppose that d(x, {v1, u}) < d(x, {v2, u}).
Then d(x, v1) < min(d(x, u), d(x, v2)). There is a vertex y ∈ S on a minimal
path P from v1 to x that is the closest vertex in S ∩ P to v1. Thus either
{y, v1} ∈ E(G) and {y, v2} 6∈ E(G), or {y, v1} 6∈ E(G) and {y, v3} ∈ E(G)
and {v1, v3} ∈ E(G) and d(y, v2) > 2.
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If {y, v1} ∈ E(G) and {y, v2} 6∈ E(G), then y is a non-mutual neighbor of
v1, v2, so {y, u} ∈ E(G), which contradicts the fact that d(x, v1) < d(x, u).
If {y, v1} 6∈ E(G) and {y, v3} ∈ E(G) and {v1, v3} ∈ E(G) and d(y, v2) > 2,
then d(y, v1) = 2, so d(y, u) ≤ 2, which again contradicts that d(x, v1) <
d(x, u). 
Note that if Pn denotes the property equivalent to being a connected n-
vertex graph of edge metric dimension n−1 in Theorem 4.2 and Qn denotes
the property equivalent to being a connected n-vertex graph of edge metric
dimension ≥ n− 2 in Theorem 4.3, then ¬Pn ∧Qn is equivalent to being a
connected n-vertex graph of edge metric dimension n− 2.
We bound the diameter of connected n-vertex graphs of edge metric
dimension n−2 below, using the characterization proved in the last theorem.
Theorem 4.4. If G is a connected n-vertex graph such that edim(G) =
n− 2, then G has diameter at most 5.
Proof. Suppose for contradiction that G has diameter at least 6. Then there
exist vertices v1, v2, v3, v4, v5, v6, v7 ∈ V (G) which form a shortest path (in
order) between v1 and v7. Thus d(v1, v4) = 3, d(v4, v7) = 3, and d(v1, v7) =
6. This contradicts the fact from the last theorem that in any connected
n-vertex graph of edge metric dimension n − 2, among any three vertices
there must exist two vertices x, y such that d(x, y) ≤ 2. 
Part of the characterization for n-vertex graphs of edge metric dimension
≥ n− 2 can be generalized to graphs of edge metric dimension n− k to give
an upper bound of 3k − 1 on the diameter.
Lemma 4.5. If G is a connected graph of order n with edim(G) ≥ n − k,
then for all (k+ 1)-tuples T of vertices from V (G), there exists an ordering
v1, . . . , vk+1 of the vertices in T such that d(v1, v2) ≤ 2.
Proof. Suppose that G is a graph of order n with edim(G) = n−k. Therefore
for any distinct (k + 1)-tuple T of vertices from V (G), the set V (G) − T is
not a metric basis for the edges of G. As in the proof for k = 2, fix a T
and let S = V (G) − T . Since S is not a metric basis for the edges of G,
there must exist two distinct edges e 6= f such that de,S = df,S . If there
was a vertex in S that is adjacent to exactly one of e or f , then e and f
would have different distance vectors with respect to S. Thus there exists
an ordering v1, . . . , vk+1 of T such that e = {v1, v3} and f = {v2, v3}, or
e = {v1, v2} and f = {v3, v4}, or there exists u ∈ S such that e = {v1, u}
and f = {v2, u}. In each case, d(v1, v2) ≤ 2. 
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Theorem 4.6. If G is a connected n-vertex graph such that edim(G) =
n− k, then G has diameter at most 3k − 1.
Proof. Suppose for contradiction that G has diameter at least 3k. Then
there exist vertices v1, . . . , v3k+1 ∈ V (G) which form a shortest path (in
order) between v1 and v3k+1. Define T = {v3i+1 : 0 ≤ i ≤ k}. Observe that
d(x, y) > 2 for all x, y ∈ T such that x 6= y. This contradicts the fact
from the last lemma that in any connected n-vertex graph of edge metric
dimension n− k, among any k+1 vertices there must exist two vertices x, y
such that d(x, y) ≤ 2. 
5 Conclusion and open problems
We found exact bounds for the maximum value of n such that a graph of
metric dimension k can contain the complete graph Kn and the maximum
value of n such that a graph of edge metric dimension k can contain K1,n.
However, for all of the other bounds in this paper, there is a gap between
the upper and lower bounds.
We characterized n-vertex graphs with edge metric dimension n− 2 and
proved that they have diameter at most 5. We also proved that n-vertex
graphs with edge metric dimension n − k have diameter at most 3k − 1.
Two natural problems are to characterize n-vertex graphs with edge metric
dimension n−k for fixed k > 2, and to find the exact value for the maximum
possible diameter of an n-vertex graph of edge metric dimension n− k.
One quantity that we did not bound in this paper is the maximum
value of n(k) such that a graph of edge metric dimension k can contain
the complete graph Kn(k). Since the edge metric dimension of Kn is n− 1,
there is a lower bound of n(k) ≥ k + 1. Since the complete subgraph can
have at most 2k edges by the pattern avoidance diameter bounds in Section
2, there is an upper bound of n(k) = O(2k/2). What is the exact value of
n(k)?
We also found an upper bound of d on the edge metric dimension of
d-dimensional grid graphs
∏d
i=1 Pri . A related open problem is to find the
maximum possible edge metric dimension for a graph of the form
∏d
i=1 Cri .
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